Abstract: We investigate the optical nonreciprocity induced by the parametrical amplification and the radiation trapping in an atomic photonic bandgap system both theoretically and experimentally. We use two pumping fields to generate entangled photon pairs from spontaneous parametric four-wave mixing, as well as the signals in which they can be enhanced by the feedback dressing effect. Therefore, the frequency difference and the shape change due to this feedback dressing on the two-arm ramps of one round trip are observed. Such optical nonreciprocity can be easily controlled by multiple experimental parameters (frequency detuning, power, and phase) of the dressing beams. In addition, the enhancement and suppression switching induced by the double dressing or triple dressing conditions are also studied. This optical nonreciprocity can contribute to the development of quantum information processing and quantum communications.
Introduction
Optical nonreciprocity resembles optical bistability, which is common optical properties in atomic media. Optical bistability has been investigated over the last several decades and observed in vaious materials. Along different lines, electromagnetically induced transparency (EIT) [1] - [3] can effectively decrease the absorption of incident beams and has been researched since it may have potential applications in nonlinear optics and wave-mixing processes [4] . Besides, in atomic system, optical bistability plays important role in four-wave mixing (FWM) in thick atomic vapor with two counter-propagating laser beams [5] , [6] . If the two laser beams have the same frequency and propagate in the opposite directions, the electromagnetically induced grating (EIG) will be generated in thick atomic vapor [7] - [10] , which establishes a photonic band gap (PBG) structure [11] , [12] . For thick atomic vapor, radiation trapping that results from the reabsorption of spontaneously emitted photons [13] , [14] has also been studied extensively in astrophysics, plasma physics, and atomic spectroscopy [15] , [16] .
In addition, a spontaneous parametric FWM (SP-FWM) process generates two weak fields (Stokes field and anti-Stokes field) in a forward cone. With signal filed injected into the Stokes port, the system can experience optical parametrical amplification (OPA) process [17] . Recently, schemes for realizing FWM OPA process have also been experimentally and theoretically studied [18] .
In this paper, the optical nonreciprocity characterized as the parametrically amplification or radiation trapping, which is similar to the optical bistable (OB) behavior, has been experimentally observed and discussed for the first time, This optical nonreciprocity refers that the generated signals can not be overlapped when the signals on the rising edge and the falling edge are folded. Meanwhile, the frequency difference and change of shape between the folded signals (the probe transmission signals (PTS), FWM, and fluorescence signals (FLS)) can be observed and effectively controlled by multiple parameters. Moreover, we study the PBG FWM enhancement and suppression switching induced by the double dressing or triple dressing effects.
Experimental Setup and Theoretical model

Experimental Setup
Our experiment is performed in a rubidium atomic cell, and the rubidium cell is wrapped by -metal and heated by the heater tape, so we can control the temperature of Rb easily. The relevant energy levels for 85 Rb atoms are shown in Fig. 1(a) , which is composed by 5S 1=2 ðF ¼ 3Þðj0iÞ, 5S 1=2 ðF ¼ 2Þðj3iÞ, 5P 3=2 ðj1iÞ, 5D 3=2 ðj4iÞ and 5D 5=2 ðj2iÞ. The probe laser beam E 1 (frequency ! 1 , wave vector k 1 and Rabi frequency G 1 ) connects j0i ! j1i, coupling laser beams E 3 (! 3 , k 3 and G 1 ) and E 3 ) connect the transition j3i ! j1i, the dressing laser beam E 2 (! 2 , k 2 and G 2 ) and E 4 (! 4 , k 4 and G 4 ) connect j1i ! j2i and j1i ! j4i, respectively. Here, G i ¼ i E i =" h is the Rabi frequency with transition dipole moment i . As shown in Fig. 1(b) , the coupling fields E 3 and E 0 3 propagate through 85 Rb vapor in the opposite direction of each other, which will generate a standing wave E 31 ¼ŷ ½E 3 19] . The standing wave will lead to a PBG structure, which will be modified by the dressing fields E 2 and E 4 . Then, the probe field E 1 propagating in the same direction of E through the 85 Rb with a small angle between them, and the dressing fields E 2 and E 4 propagate in the opposite direction of E 0 3 with a small angle. According to the phase-matching condition
, the PBG FWM ðE F Þ and the PTS are detected by a photodiode and an avalanche photodiode detector (APD), respectively. In addition, the FLS caused by spontaneous decay are captured by another photodiode detector. Lastly, the power of each laser beam can be modulated by a polarized beam splitter (PBS) and half-wave plate (HWP), the frequency detuning ðÁ i ¼ i À ! i Þ can be modulated through the laser's piezoelectric transducer (PZT) driver.
In addition, due to the periodicity of the standing wave field, we can obtain the periodic energy levels as displayed in Fig. 1(c) . As shown in Fig. 1(c1) , jG 31 j 2 splits the level j1i into two substates expressed as jG 31 AEi, which are periodic along the x direction. The single-dressed case is shown in Fig. 1(c2) , where E 2 acts as single dressed field on the states jG 31 AEi and splits the initial two substates further into secondary dressed states jG 31 À G 2 AEi and jG 31 þ G 2 AEi. For the doubly-dressed case in Fig. 1(c3) , when E 4 is turned on, jG 31 AE G 2 AEi are further split into dressed states jG 31 AE G 2 AE G 4 AEi. The corresponding spatial periodic energy levels are shown in Fig. 1(d1) -(d3).
PTS and PBG FWM With Feedback Dressing
In order to investigate the influence of nonreciprocity in PBG FWM process, we further study an optical parametric amplification (OPA) process as depicted in Fig. 2 . In our experiment, when we compare the folded signals on the rising edge and the falling edge (a frequency round trip ranging from −10 GHz to 10 GHz) as shown in Fig. 2(c) , we find that these signals have obvious frequency difference and shape change (see , and this optical nonreciprocity can be attributed to the OPA process.
First of all, we study the FWM OPA process. When E 1 , E 3 and E 0 3 are opened, the PBG FWM satisfies the phase matching condition
However, if the power of E 3 is high enough and it is far detuned from j0i ! j1i, a spontaneous parametric FWM process will occur in the degenerate two-level atomic configuration [see Fig. 2(b) ], which generates two weak fields (Stokes field E 3s and anti-Stokes field E 3as ) with the phase matching condition 2k 3 ¼ k 3s þ k 3as in the left cone [see Fig. 2(a) ]. Then, the generated E F signal is naturally injected into the input Stokes port of the SP-FWM process and it is parametrically amplified in Fig. 2(a) [19] . Second, the E 0 3 field has a similar effect with E 3 , which generates two weak fields (Stokes field E Fig. 2(a) ]. Therefore, the PTS will be parametrically amplified in Fig. 2(a) . One can clearly see that the PTS and FWM OPA process have a feedback dressing effects, which are held responsible for the optical nonreciprocity phenomenon in our experiment.
Theoretically, considering the feedback dressing effect of the PTS and PBG FWM written as jG FT j 2 e i' FT and jG FR j 2 e i' FR , the amplified PTS and PBG FWM can be described by the energy system and Liouville pathways, and the corresponding density matrix elements can be written as [20] 
where
Rabi frequency of the feedback [21] - [23] , and À ij is transverse relaxation rate between jii and jji. The feedback dressing on the PTS and FWM OPA process are represented by the term jG FT j 2 e i' FT and jG FR j 2 e i' FR , respectively. Terms ' 2 and ' 4 are the phase factor of the dressing jG 2 j 2 e i' 2 =d 21 and jG 4 j 2 e i' 4 =d 41 . According to the relation " 0 E ¼ N (N is the atom density), the susceptibilities can be written as ð1Þ ¼ iN Moreover, the nonlinear coupled wave equations [24] 
Ài Á k x x E r ðx Þ are given to estimate the reflection efficiency, where E p ðx Þ and E r ðx Þ stand for the PTS and PBG FWM signals, respectively. The reflectivity R and transmission T at certain x are given as
where d x is width of the sample in x direction.
where Ák x is the phase mismatch magnitude. Take the reflection signals (PBG FWM) as example, the photon numbers of the output Stokes and anti-Stokes fields are hâ
, whereâðbÞ is the annihilation operator of E 3s ðE 3as Þ, and G ¼ fcos½2t 
FLS With Feedback Dressing
In our experiment, radiation trapping will occur when light interacts with thick media, and the fluorescence signals (FLS) will be trapped in this process, which also has a feedback dressing effect. Therefore, we can find the optical nonreciprocity phenomenon from the folded FLS. Theoretically, considering the feedback dressing jG FL j 2 e i' FL of the FLS, the second-order fluorescence FL R1 is described by
11 . By solving the coupled density-matrix equations, the FL R1 is dressed and the expression of ð2Þ 11 can be modified as
where jG FL j 2 e i' FL is the feedback dressing term by radiation trapping [13] . Via Liouville pathway
22 , we can obtain the fourth-order FL R2 signal as
where 
The intensities of the FLS are I FL R1 ¼ N 
Phase Control of Frequency Difference
Considering OPA and radiation trapping in the above mainly produce an un-neglected feedback dressing jG F j 2 e i' F (jG FT j 2 e i' FT , jG FR j 2 e i' FR , and jG FL j 2 e i' FL ) in the FWM process. The three signals (PTS, PBG FWM and FLS) have the frequency difference and the shape change. In the following, the optical nonreciprocity phenomena based on frequency difference and the shape change are studied. Because of OPA or radiation trapping, the folded signals on the rising edge and the falling edge can not overlap. This phenomenon is analogous to the optical bistable behavior. Then the nonreciprocity reflected from the change of nonreciprocal phase Á' is as follows:
is the frequency difference, n 1 is the linear refractive index of the Rb cell, and n 2 is the nonlinear refractive index. The feedback intensity I up (or I down ) is generated at the same scanning frequency, which is approximately equal to R or T distinctly. Therefore, the frequency difference and the intensity of the beam I up and I down are the functions of the probe field ðE 1 Þ and the dressing field (E 2 and E 4 ), respectively.
Additionally, the suppression and enhancement of these signals play a very important role in the PBG FWM process. For instance when we scanning Á 2 , the primary Autler-Townes (AT) splitting [25] 
Results and Discussions
According to the experiment results (see Figs. 3-6) , we study the nonreciprocity of coexisting PTS, PBG FWM and FLS in detail. The frequency difference ðÞ is observed between the rising ramp and falling ramp. The right lines show the signals on the rising ramp and the left ones stand for the signals on the falling edge, and the shape change can be evaluated with the different areas between the signals (right lines and right lines) and the same baseline. Such nonreciprocity behave similarly to the OB effect. 
Double-Dressing Nonreciprocity
3 is satisfied, and each peak [ Fig. 3(a) ] can be seen in the PTS, which denotes that the transparent degree increases, and each peak is the EIT satisfying the Á 1 þ Á 2 ¼ 0 and caused by the dressing term jG 2 j 2 e i' 2 =d 21 in (1). For frequency difference ðÞ, because the right peak and left peak in Fig. 3(a1) has the same baseline, the feedback intensity I up is not equal to I down in (8), but n 2up % n 2down ; therefore, (8) can be changed to Á' ¼ Nn 2 ðI up À I down Þ! p l=c ¼ n 1 l=c. It is obvious that induces the different I up or I down on the rising edge and the falling edge. Moreover, the feedback intensity I up ðI down Þ has the feedback term jG FT j 2 e i' FT so that the can be detected on the same baseline in Fig. 3(a) . Further, it can be seen that decreases from top to bottom in Fig. 3(a) , and this phenomenon also can be explained from (8) , where n 2 is related to field E 1 (E 2 , E 3 or E 0 3 ) when ðI up À I down Þ is fixed and is proportional to n 2 . It is clear that decreases due to the change of n 2 in Fig. 3(a1)-(a5) . For example, it can be noticed that with all beams on [see Fig. 3(a1) ] is bigger than that with beam E 3 and E 0 3 blocked [see Fig. 3(a5) ]. Then, we consider the nonreciprocal phase behavior influenced by the feedback dressing in Fig. 3(b) . The is induced by the feedback term jG FR j 2 e i' FR in (2) , and it decreases from top to bottom in Fig. 3(b1)-(b5) . In particular, it is clear that in the Fig. 3(b1) is the biggest due to the largest n 2 . At the same time, for FLS in Fig. 3(c) , the induced by the feedback term jG FR j 2 e i' FR in (5) decreases from top to bottom in Fig. 3(c1)-(c5) . For corresponding PBG FWM and FLS in Fig. 3(b) and (c), when no beam is blocked in Fig. 3(b1) and (c1) , the PBG FWM shows that two digs appear on the baselines in Fig. 3(b1) , which are induced by the dressing term jG 2 j 2 e i' 2 =d 21 in (2). Each dip shows the PBG FWM related to R in (2) from reflection of the PBS structure. In Fig. 3(c1) , the FLS is a sum of ð Comparing Fig. 3(c1) with Fig. 3(c5) , we find that the emission peak becomes lower in Fig. 3(c5) due to the term jG 31 j 2 =d 30 in (5) . When E 1 is blocked, no signal can be detected in Fig. 3 (a2)-(c2) because the phase matching condition
is not satisfied. For the same reason, when the beams are turned on except E 3 or E 0 3 , the PTS decreases obviously, and the PBG FWM disappears in Fig. 3(b3) and (b4). Meanwhile, the peak in FLS also becomes smaller in Fig. 3(c3) and (c4). When E 3 and E 0 3 are blocked, the intensities of the PTS and FLS become smallest in Fig. 3(a5) and (c5), and the dip of PBG FWM becomes the shallowest in Fig. 3(b5) because the term jG 31 j 2 =d 30 is disappeared in (2). From Fig. 3(a)-(c) , the input intensities I in , I FL , R and T can be obtained, which satisfy
Especially, when E 3 is blocked in Fig. 3(a3) , a peak (on one ramp) comes from the second order nonlinearity effect which can be called electromagnetically induced gain. In this case, the beam E 0 3 becomes a weak probe laser beam, which probes the transition j3i ! j1i. Meanwhile, E 2 connects the upper transition j1i ! j2i with the condition Á 3 þ Á 2 ¼ 0. Generally, the density matrix element 
23 , we have
Similarly to Fig. 3(b3) , beam E 2 probes the upper transition j1i ! j2i while E 1 connects the lower transition j0i ! j1i.
As the condition Á 1 þ Á 2 ¼ 0 is satisfied, the EIA dip appears in Fig. 3(b3) . Via the perturbation chain
20 , we have
Therefore, when the beam E 0 3 is blocked, the peak (dip) can be seen in Fig. 3(a4)-(b4) . On the other hand, we investigate the optical nonreciprocal behavior affected by double dressing jG F j 2 e i' F and jG 2 j 2 e i' 2 =d 21 with different Á 1 as shown in Fig. 3(d)-(f) , respectively. For PTS, Fig. 3(d) presents that the EIT peak increases gradually due to different Á 1 in the Fig. 3(e) because of the dressing term jG 2 j 2 e i' 2 =d 21 . For the FLS in Fig. 3(f) , the dip gradually becomes shallower with Á 1 setting far from resonance gradually, which is corresponding to the weakening process of EIT. On the contrary, the peak in the dip is FL R2 gets stronger with Á 1 increasing because the FL R2 is suppressed due to the dressed term d 2 þ jG 2 j 2 e i' 2 =d 10 in (6). Finally, in the Fig. 3(d)-(f) , the decreases slowly from bottom to top. These experimental phenomena can be explained by the reasons similarly to those Fig. 3(a) -(c). Since n 2 is a function of Á 1 , with Á' ¼ Nn 2 ðI up À I down Þ! p l=c ¼ n 1 l=c, changes with Á 1 while ðI up À I down Þ is fixed. Especially, in Fig. 3(f3) and (f4) , comparison of the areas between the two signals with the same baseline, one can see that the left dip is wider and deeper than the right one due to different e i' FL in the feedback term jG FL j 2 e i' FL .
In Fig. 4 , we concentrate on the optical nonreciprocity with doubly dressing ðjG F j 2 e i' F and jG 2 j 2 e i' 2 =d 21 ) effect by changing the power of E 2 ((a)-(c)) and the temperature of the rubidium ( 85 Rb) atomic vapor ((d)-(f)). From bottom up, increases gradually as shown in Fig. 4(a) -(c), because n 2 is function of the power of E 2 . In particular, owing to different e i' FR in jG FR j 2 e i' FR , we can see that the left dip is deeper than the right dip in Fig. 4(b2) and (b3) . Further, when the power of E 2 becomes 9.2 mW [see Fig. 4(b1) ], the dip profile is asymmetric and the left dip is deeper than the right one. For the PBG FWM in Fig. 4(b) , a dip appears in every curve when the double suppression condition Á 1 þ AE þ þAE ¼ 0 is satisfied. The suppression dip becomes deeper with increasing power duo to the enhanced dressing effect of E 2 in Fig. 4(b1)-(b3) . In Fig. 4(c) , the enhancement peak in each curve becomes bigger with increasing the power of E 2 .
Next, as temperature affects the density N, we analyze nonreciprocal behavior when the temperature of Rb is sufficiently high to reveal its feedback dressing. In Fig. 4(d)-(f) , it can be seen that increases slowly from bottom up, as it is associated with the term N ðn 2up I up À n 2down I down Þ according to (8) . If the temperature was set to 63°C, the left peak (EIT) is taller than the right peak in Fig. 4(d1) 
10 , and therefore, the height of EIT for PTS increases from small to large as shown in Fig. 4(d1) -(d4). For the PBG FWM shown in Fig. 4(e) , the depth of the suppression signal increases from shallow to deep following the equation 
Triple-Dressing Nonreciprocity
In Fig. 5 , we focus on optical nonreciprocity with triple dressing by changing Á 2 (see Fig. 5(a)-(c) ) and phase of E 2 (see Fig. 5(d)-(e) Fig. 5(a) , with E 1 , E 3 , E 0 3 , E 2 and E 4 turned on, we study the signals by scanning Á 4 at different Á 1 . The peaks (EIT) are the dressed PTS induced by the third level dressing effect of E 4 , and the two-photon resonance condition Á 4 ¼ ÀÁ 1 that determines the two-photon dressing term jG 2 j 2 e i' 2 =d 21 þ jG 4 j 2 e i' 4 =d 41 is satisfied in Fig. 5(a) . Especially, it can be see that each EIT peak has two small peaks in Fig. 5(a) due to AT splitting. This phenomenon can be explained as the secondary dressed states jG 31 AE G 2 AEi are split into tertiary dressed states jG 31 AE G 2 AE G 4 AEi [see Fig. 1(c3) ]. For PBG FWM, dip appears in each curve due to jG 4 j 2 e i' 4 =d 41 in (2) . Because of the interplay between E 2 and E 4 , the suppression dip is the shallowest at Á 4 ¼ ÀÁ 1 . Based on the similar method, we can find that the emission peak in each curve is the FL R4 signal related to ð4Þ 44 in (7) . At the resonance point Á 4 ¼ ÀÁ 1 , the intensity of the peak is the smallest due to the term d 1 þ jG 4 j 2 =d 41 in (5). For optical nonreciprocal phenomenon, One can see that change of is not obvious in Fig. 5(a)-(c) , but the term e i' FR can influence the shape of signals, and therefore, the linewidth of left dip in Fig. 5(b5) is about 90 MHz which is much wider than that in Fig. 5(b4) .
Then, we especially focus on the phase ð' 2 Þ modulation on the PBG FWM [see Fig. 5(d) ] and FLS [see Fig. 5(e) ]. When the dressing beam E 2 shifts with a small phase ð' 2 Þ from its normal directions, the behavior of the detected signal will change significantly, and it could be manipulated by the orientations of induced dipole moments. For the PBG FWM, the switch between the suppression and enhancement appears in Fig. 5(d) , because the suppression and enhancement conditions under the triply dressing condition are Á 1 þ Á 00 2 ¼ 0 and
It is clear that the suppression-enhancement switch of PBG FWM is reflected in the variation in signal's intensity with different ' 2 . For instance, the enhancement peak of PBG FWM can be detected when ' 2 ¼ À=6 in Fig. 5(d1) , and with ' 2 altered to À=2 (or À) in [see Fig. 5(d3) or (d4) ], the partial suppression dip and the partial enhancement peak can be detected, then turn to pure enhancement peak with ' 2 ¼ À7=6 in Fig. 5(d5) . Finally, the enhancement peak of PBG FWM reaches its maximum when ' 2 ¼ À7=6 in Fig. 5(d5) . For FLS in Fig. 5 (e), with ' 2 changing, the suppression dips FL R1 ð ð2Þ 11 Þ change from shallow to deep in the beginning, and then changes to shallow again, as shown in Fig. 5(e1)-(e4) . When ' 2 ¼ À7=6, the suppression dip is the deepest in Fig. 5(e6) . The peaks in the dips represent
44 Þ, and the peaks get higher and then get shallower with ' 2 changing from À=6 to À4=3, as shown in Fig. 5(e1)-(e7) .
On other hand, decreases slowly from bottom up from in Fig. 5(d) and (e). In addition, one can see that the feedback term jG FR j 2 e i' FR affects the switch between the suppression and enhancement of PBG FWM in Fig. 5(d) . For example, the left line in Fig. 5(d2) has a suppression dip and two small enhancement peaks.
In this section, we investigate the optical nonreciprocity modulated by two phases ' 2 and ' 4 with the triple dressing effects considered. Comparing Fig. 6(a) and (b) with Fig. 6(c) and (d) , the striking difference is that the changes from small to big and then decreases in Fig. 6(c) and (d) from bottom up by changing ' 2 (fixing ' 4 ¼ ). However, the change of in Fig. 6(a) and (b) is not obvious by changing ' 4 (fixing ' 2 ¼ =3). Then, we turn to the PTS, the EIT (peak) and EIA (dip) switching can be seen in Fig. 6 
Conclusion
In summary, we have experimentally presented results that show the optical nonreciprocity of the PBG FWM processes in a thermal rubidium atomic vapor cell, in which the frequency difference and the shape change can be detected from parametrically amplification (PTS, PBG FWM) or the radiation trapping (FLS). Further, we can control the frequency difference and shape change in this nonreciprocity process by easily manipulating the corresponding parameters (the frequency detuning, the powers, the temperature of atoms and the phase) of the dressing beams. Particularly, the switch between EIT and EIA had been observed by changing the phase difference. Besides, by comparing the optical nonreciprocity under double dressing and triple dressing cases, we find the degree of shape change by triple dressing is more sensitive than double dressing. Such nonreciprocity could be used in amplification processing of triode and quantum information processing.
